A control chart is an important tool in statistical process control that plays a significant role in monitoring and identifying the variations in production processes. The Shewhart, the cumulative sum (CUSUM) and the exponentially weighted moving average (EWMA) control charts are commonly used for detecting process shifts. The CUSUM and the EWMA control charts are more sensitive in detecting smaller shifts, whereas the typical Shewhart chart is sensitive to large process shifts. The present study incorporates ratio-type estimators of the population mean based on auxiliary information in CUSUM charting structure for monitoring the location of the normal processes. These estimators are more efficient as compare to simple mean estimator in the presence of high correlation between the study and the auxiliary variables. The average run length (ARL), the standard deviation of run length and the extra quadratic loss are used to measure the performance of the proposed charts. The proposed charts are compared with the existing CUSUM, CUSUM-FIR and some other auxiliary information based control charts on the basis of out-of-control ARLs. The comparison reveals the superiority of the suggested charts over the other existing charts. An illustrative example is also provided for the performance evaluation of the proposed charts.
Introduction
Statistical process control (SPC) is a combination of different methods that are employed to monitor a process and to enhance the quality of the products by reducing the variation in the products [1] . Among these methods, the control chart is the most important and frequently used method for monitoring the quality of the products, initially developed by Walter A. Shewhart in the early 1920s. A control chart is a graphical display of the quality characteristics which is used to monitor the process stability and constructed in such a way that the associated probability of false alarm is very small. The Shewhart control chart, the cumulative sum (CUSUM) control chart by Page [2] and the exponentially weighted moving average (EWMA) control chart by Roberts [3] are commonly used for monitoring the process variation. The process variation can be classified into the common and assignable cause variations. The process is declared to be incontrol in the presence of common cause variations which are considered to be the inherent part of any production process. The classical Shewhart chart is sensitive to large process shifts as it utilizes only the current sample information and ignores the previous samples information. On the other hand, the CUSUM and the EWMA charts make use of the past as well as the current sample information, which enables them to be more sensitive to small process shifts.
In sampling theory, the use of auxiliary information results in significant reduction in the variance of the estimators of the population parameters. The auxiliary variable is not the variable of interest but is instead used to improve the sampling plan or enhance the precision of the estimators. The ratio, product and regression type estimators are extensively used for estimating the unknown population parameter provided that significant correlation between the study and auxiliary variables exists [4] . Different ratio-type estimators are available in the literature for improving the precision of location estimators. For more details, the readers can refer to [5] [6] [7] [8] [9] [10] [11] [12] and references cited therein.
The auxiliary information is also used in control charting structure in order to improve the sensitivity of the control chart. Zhang [13] proposed the cause-selecting control chart by regressing the study variable on the auxiliary variable. Later, Riaz [14] proposed the Shewharttype control chart for monitoring process location based on regression estimator of mean which incorporates the auxiliary information and has attractive detection ability as compared to existing charts. In the same context, Riaz [15] introduced the idea of using regression-type estimator of 4 variance based on an auxiliary variable in control charting structure for improved monitoring of process dispersion. Few researchers presented their ideas in the context of utilizing auxiliary information in control charting structures, see; for example, [16] [17] [18] [19] . The product-difference type estimator of the mean is used by Lee et al. [20] for process monitoring under repetitive sampling.
It is based on inner and outer control limits so that repetitive sampling is allowed when the monitoring statistic lies between the inner and outer limits. The resulting chart is the extension and improved form of the M-control chart proposed by Riaz [21] by devising the two pair of limits. It is worth mentioning that most of the existing charts based on auxiliary information are Shewhart-type control charts such as [14, 17, [20] [21] [22] . Some authors have recently suggested EWMA type control charts based on auxiliary information, see; for example, [23] [24] [25] [26] [27] . Recently, Sanusi et al. [28] have proposed combined Shewhart CUSUM charts (CSC) based on auxiliary information by incorporating various types of ratio and regression estimators to monitor the process location. The strategy used by them is complicated for the practitioners as they combined the Shewhart and the CUSUM charts besides using various complex estimators of the population mean (specifically the last five estimators considered in their study).
In this article, five relatively simple and efficient auxiliary information based ratio-type estimators of the study variable are used to estimate the process location. We use the traditional ratio estimator proposed by Cochran [29] , the estimators based on quartiles suggested by AlOmari [8] and the new class of estimators proposed by Singh et al. [10] . Since all these estimators are more efficient as compared to simple mean estimator in the presence of moderate to high correlation between the study and the auxiliary variables [8, 10] , their incorporation in different charting scheme would result in more efficient control charts. The present study integrates the above-mentioned estimators in CUSUM charting structure with the motivation to further enhance the sensitivity of the chart without complicating the charting structure. The performance of the proposed charts is evaluated in terms of average run length (ARL), the standard deviation of run length (SDRL). The extra quadratic loss (EQL) is also used to measure the overall performance of the proposed charts over a range of shifts.
The rest of this paper is organized as follows: Section 2 presents the structures and properties of the ratio-type location estimators based on the auxiliary information. In section 3, we present the general structures of the proposed CUSUM charts. Performance evaluations of the proposed 5 charts are given in section 4. Comparisons with the existing charts and an illustrative example are provided in section 5. Finally, some conclusions are drawn in section 6. 
Location estimators based on auxiliary information and their properties

(i)
The ratio estimator
The ratio estimator makes use of the known population information of auxiliary variable to improve the weighting from sample values to population estimates and is useful when the correlation between the target and auxiliary variable is high [29] . The ratio estimator is defined as:
The bias and MSE of the ratio estimator up to the first degree of approximation is 
The bias and MSE up to the first degree of approximation are  is the coefficient of kurtosis of the auxiliary variable.
The bias and MSE up to the first degree of approximation are 
General Structure of the proposed CUSUM charts
The proposed charts are the integration of the estimator 
The statistics 
Performance evaluation of the proposed charts
This section presents the performance evaluation of the proposed CUSUM charts by using the average run length (ARL), the standard deviation of the run length (SDRL) for different shifts ()  in the process through Monte Carlo simulations since it is more accurate and flexible enough to handle various scenarios as compared to approximation methods [30] . Moreover, to gauge the overall efficiency of the charts based on all the shifts extra quadratic loss (EQL) is used as a performance indicator. All the simulations are carried out in R software [31] . The ARL is a popular measure for gauging the effectiveness of the control chart in detecting the shift in process. It is defined as the average number of sample points plotted until a plotted sample point indicates an out-of-control signal [1] . Under a fixed 0 ARL , the chart having the smaller 1 ARL s is considered to be superior in detecting process shifts. Similarly, the smaller SDRL value also indicates the superiority of the control chart to detect a shift in the process being monitored [32] .
The EQL is defined as the weighted average ARL based on all the shifts used in a control Numerical integration is used to compute the values of EQL.
[Insert Table 1 Tables 6-9 for a range of shifts. To highlight the best chart, the ARL values are written in bold font against each magnitude of shifts.
[Insert Table 2-9 here]
The main findings regarding the proposed charts based on the results given in Tables 2-9 
Comparison with the existing control charts
The performance of the proposed CUSUM charts is compared with some existing control charts such as the CUSUM chart introduced by Roberts [3] , Mean-FIR control chart suggested by Lucas and Crosier [36], robust CUSUM charts based on median, mid-range (MR), HodgesLehmann (HL) and Tri-mean (TM) suggested by Nazir et al. [37] . Moreover, the performance of the proposed charts is also evaluated in comparison to the auxiliary information based M-type control chart introduced by Riaz [21] , modification of M-type charts by using repetitive sampling proposed by Lee et al. [20] , and combined Shewhart CUSUM (CSC) charts suggested by Sanusi et al. [28] .
[Place Tables 10-11 . Riaz [21] has not reported the ARL performance of his chart; however, Lee et al. [20] provided the ARL comparison of their chart with that of Riaz [21] . Our suggested charts have shown better shift detection ability in the process mean as compared to the auxiliary information based M-Type control charts proposed by Riaz [21] and Lee et al. [20] . Particularly for the smaller magnitude of shifts, the performance of the suggested CUSUM charts is very dominating (cf. Table 11 ).
[Place Figures 1-2 Here]
To further support the above findings, the ARL curves of the three of our suggested CUSUM control charts based on 1 E , 2 E and 5 E are drawn against the existing CUSUM charts. We have not included 3 E and 4 E since the performance of 2 E and 3 E is almost alike as well as of 4 
Illustrative Example
To show the sensitivity of the control charts under investigation, an example is provided that compares the proposed CUSUM control charts based on ratio-type estimators An illustrative example is also given to assess the performance of the proposed charts that showed that the proposed charts detect the process shift more quickly. The sensitivity of the proposed charts increases with the increase in the correlation between the study and auxiliary
variables. The present work can be further extended to design other control charts under the improved form of estimators based on the auxiliary information. Table 9 Shift ) (δ Table 10 Chart Type Estimator Shift ) (δ 
